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Introduction
Quantum Phase Transition:
Go through a quantum critical point (QCP) at T = 0 by varying the 
amount of quantum fluctuations. In practice this means varying some 
parameter in the Hamiltonian, e.g. pressure, or amount of disorder.

Here we are interested in disordered systems. Why?

Combination of quantum fluctuations (at low T) and disorder is poorly 
understood. Near a QCP with disorder one has new physics.

In this talk we will consider an extensively studied type of disordered 
system, the spin glass, so here we have a Quantum Spin Glass:
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What is a quantum phase transition?

g changes the strength of quantum fluctuations. We focus on the new 
physics in the region near the QCP:

•Unusual critical behavior (infinite randomness fixed point)
•Singularities (Griffiths-McCoy) at T=0 even away from the QCP

Experimentally, g could be, 
for example, pressure, or 
the amount of disorder. 
Here, g will be a 
“transverse” magnetic field.
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Critical Phenomena
Start with a Classical Phase Transition:
Statics and dynamics decouple. Two independent static 
exponents, e.g. 𝛎 and η, where (𝛏 is the correlation length)

Other exponents are related to these, e.g. susceptibility 

Scaling relation

Hyperscaling relations

Also an independent dynamical exponent z:

e.g. d=2 Ising ferromagnet
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α is specific heat exponent
d is the space dimension
β is order parameter exponent
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Quantum Critical Phenomena
Quantum Phase Transition:
Statics and dynamics connected from the start so we have three 
independent exponents, e.g. 𝛎 and η and z.
Consider e.g. a quantum Ising ferromagnet. Equal time, k=0, 
structure factor S(k=0) and magnetic susceptibility 𝛘 (m = 𝛘h)

Their exponents:

Note: S(0) is less divergent than 𝛘, with an exponent  𝛄-z𝛎 rather 
than 𝛄, because it does not have an integral over time. 
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Quantum Critical Phenomena
Imaginary time path integrals (world-line) formulation
Effective classical “action” in d-space and 1-time dimension. If z / 1, 
then space and time are inequivalent and the system is anisotropic. 
The time dimension acts like z dimensions in hyperscaling 
relations, e.g.

=

For no disorder
Interactions in spatial dimensions are uniform ferromagnetic.
Interactions in time dimension are uniform ferromagnetic.
Hence, system is isotropic (apart from fixed rescaling) and z = 1.
Like a uniform ferromagnet in (d+1)-dimensions.

Te



Quantum Critical Phenomena in 
Disordered Systems

Disorder is quenched, i.e. independent of (imaginary) time.
i.e. perfectly correlated in the time direction.
Recall
Space-time action is anisotropic so z is not necessarily 1.
What is z?
In some cases, z = ∞ so 
e.g. 1-d disordered Ising model in a transverse field. (n.b. no 
frustration here) 
D.S. Fisher: applied real space renormalization group of 
Dasgupta and Ma. Trace out, using perturbation theory, the 
largest interaction or transverse field. (Turns out to be 
asymptotically exact.)      If z =∞ we have an 
“infinite-randomness critical point” (new physics).
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Does it occur in higher-d and for systems with “frustration”, 
i.e. spin glasses, which we will discuss soon?
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What is a spin glass?
Spin glasses have disorder and “frustration”, i.e. competition, so 
no configuration of the spins satisfies each term in the 
Hamiltonian. So even finding the ground state is a non-trivial 
optimization problem. 

The energy “landscape” is 
complicated with many 
valleys separated by 
barriers.  A simple algorithm 
easily gets trapped in a 
local minimum.

Many important problems in industry and science are also optimization 
problems, e.g. Speech and Image recognition, Deep learning (neural 
networks), protein folding.
Spin glasses are convenient for study because they have simple-looking 
models which are amenable to simulation (and precise experiments).
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What is a spin glass? II
The standard model for a classical spin glass is due to Edwards 
and Anderson (EA) (1975):
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where the Ising spins Si take values ±1, 
lie on a regular lattice, and the Jij are 
quenched, independent, random nearest 
neighbor interactions with a symmetric 
distribution (random signs give 
“frustration”). Spins freeze in random

Jij = ✏ijJ, where ✏ij = ±1

since book keeping will easier in our calculations: only need the 
parity of the number of times each Jij occurs.

We will take a bimodal distribution:

or

The order parameter is 
directions
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Quantum spin glasses

where hT is the transverse field and σx and σz are Pauli 
spin matrices. 

hT induces quantum fluctuations in the σz.

The quantum spin glass:
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Quantum spin glasses II

Note the two time integrals in 𝟀SG. Hence, if 𝟀SG diverges with an 
exponent 𝛄, then the equal-time k=0 structure factor,

We define

diverges with an exponent 𝛄 - 2z𝛎

𝟀SG is the divergent susceptibility at a spin glass transition, 
analogous to the uniform susceptibility 𝟀F which is the same but 
without the square, i.e.

[...]av is average 
over disorder.
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What are Griffiths-McCoy singularities?
Firstly a classical example:
For simplicity consider a classical random ferromagnet with two 
interactions J1 and J2 with J1 > J2. Suppose temperature is in the 
range Tc < T < Tc(J1). This is the Griffiths phase. 

Then there are some rare regions with all J1 interactions which 
are “locally in the ferromagnetic phase”. These act as one big 
spin.  However, the probability of getting these is exponentially 
small in size. So, classically, only get exponentially weak 
singularities in the Griffiths phase (Harris,75). Have never been 
seen in experiments, simulations or series expansions.

But effects are much bigger near quantum phase transitions 
where they are called Griffiths-McCoy singularities.
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Griffiths-McCoy singularities II
Now for a quantum phase transition:
Call the quantum control parameter g and consider a random 
quantum ferromagnet with two interactions J1 and J2 with J1 > J2. 
Suppose g is in the range gc < g < gc(J1). This is the Griffiths-
McCoy phase. 

Rare regions which are “locally in the ferromagnetic phase” fluctuate 
very slowly between the “up” and “down” states. Local relaxation time 
(inverse of local gap) is exponentially large in this region.
Thus, there is an exponentially small probability of getting an 
exponentially large relaxation time. What is the distribution of times? 
Answer: a power law 
λ(δ) depends on δ = g - gc.
Average local 𝛘 is the average relaxation time integrated up to 
1/T 
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Griffiths-McCoy singularities III

E.g. the average local 𝛘 is the average relaxation time 
integrated up to 1/T so Hence 𝛘 diverges in 

quantum paramagnetic 
phase if λ < 1.
Similarly 𝛘nl  diverges in 
quantum paramagnetic 
phase if λ < 3.
For infinite randomness 
QCP λ(δ) ➛ 0 as δ ➛ 0.

Quantum GM singularities 
have been observed in expt., 
simulations, and now, in series

Quantum mechanically, dynamics and statics are coupled, so 
susceptibilities involve an integral over 𝛕.

Note: this is LOCAL physics

(New Physics)



Quantum spin glasses (previous work)

Early Quantum Monte Carlo work, 
(Rieger and APY, 1994, 1996, Guo, Bhatt and Huse, 1994, 1996). 
Investigated critical phenomena and GM singularities in 2d, 3d.
 
Did not find infinite-randomness behavior (z=∞) but perhaps 
sizes too small. Recent QMC work in 2d (Matoz-Fernandez et al, 
2016) claims evidence for infinite-randomness (but conventional 
scaling of their data seems to work about as well in my view).

Did see GM singularities away from critical point.  Region of 
GM singularities larger in 2d than in 3d.

Note: anisotropic Finite-Size-Scaling makes the analysis tricky. 
Need to take spatial size L and time-size L𝛕 such that L𝛕 ∝ Lz 

(but don’t know z in advance!)



Series Expansion in powers of (J/hT)2

If J = 0, problem is trivial, spins along x-direction. Expand in 
powers of (J/hT)2.
Advantages compared with Quantum Monte Carlo
• Average over disorder is done exactly.
•Calculation is done at strictly T=0 so no need for anisotropic 

FSS scaling.
•No difficulty with equilibration.
•Correlations are calculated for an infinite system.
•Difficulty of series not much dependent on dimension.
Disadvantages:
• Restricted to the paramagnetic phase (significant)
• Can’t get the critical value of the dynamical exponent z
• Only a limited amount of information on dynamics
• Best for ±J interactions. Other distributions harder
• An extrapolation has to be done with respect to J / hT.

Series is a complementary method which seems worth pursuing.
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Linked Cluster method of Series Expansions
Consider an extensive property P. We calculate the intensive 
quantity                   as a series in powers of x = (J/hT)2 .
Linked Cluster method:

where the sum is over all distinct connected clusters (graphs) c. 
L(c) is the lattice constant, the number of ways the cluster can be 
embedded in the lattice per lattice site. The same for all quantities 
calculated. W(c) is called the weight and depends on the quantity 
P being calculated as well as the cluster. It is given by

where P(c) is the value of the quantity P in cluster c and the sum 
s is over all sub-clusters of c.  

lim
N!1

(P/N)

P/N =
X

c

L(c) ⇥ W (c)

P(c) and hence W(c) are expanded in powers of x.
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Linked Cluster method of Series Expansions II

Interpretation: 
P(c) includes all terms in the perturbation expansion for that 
cluster.
W(c) is the contribution from those terms in the perturbation 
expansion which use each bond in the cluster c at least once. 
Terms which use only a subset of the bonds must be subtracted 
off since they were already included in that smaller cluster.  
Hence the lowest order in a cluster with n bonds is xn.

Worked out to 14th order in 2d, 3d and d = ∞(the Sherrington-
Kirkpatrick (SK) model), and up to 10th order in arbitrary 
dimension.
In 3d there were around 60,000 clusters to this order. 
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Analysis of series: ratio method
Unlike the series of classical spin glasses (high-T series) the 
series for the quantum spin glasses turn out to be quite well 
behaved. This means we can use a simple method of analysis, 
the ratio method. If series for a quantity Q is of the form

and if Q varies with a power law

then the ratios of successive terms satisfy

so a plot of rn against 1/n should be a straight line from which 
one can extract the critical value xc and the exponent 𝛌. 

Note: there will be corrections, → curvature in the plots.



Which quantities see GM singularities?
Recall

𝟀SG has two time integrals and so will feel the long relaxation 
times of the GM singularities.
S(0) is an equal time correlation function and so will not feel 
the GM singularities since they are local (in space) effects.
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The difference in the location of the singular point between 𝟀SG  
and S(0), obtained from the series, will be a measure of the 
strength of the GM singularities. 
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Results in high-d

Intercept = 1/xc = (hT/Jc)2

For S(0): Jc is critical pt.
For 𝟀SG: Jc is in GM phase, 
so can’t determine critical z.
d= ∞ (SK): no GM phase 
(agrees with theory).
d=8 and 6. GM region very 
small (or effects weak).
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Results in lower-d

GM singularities strong in 2d 
and decrease with increasing d.
Intercept = 1/xc = (hT/Jc)2

Recall: strength of GM 
singularities is reflected in the 
size of difference in intercepts 
between 𝟀SG and S(0). 
Singularity in 𝟀SG is at larger hT
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Exponents
We analyze the exponent 𝛄 - 2z𝛎 for the equal time structure 
factor S(k=0) (a critical singularity).
Won’t discuss the singularity in 𝟀SG because this comes from 
GM singularities, not the QCP. 
In mean field theory (d= ∞) 
𝛄 = 1/2, z = 2, 𝛎 = 1/4 so
𝛄 - 2z𝛎 = -1/2. 
(Read et al. Phys. Rev. B 52, 384 (1995)) 
(Negative sign means that S(0) 
does not diverge in MFT. Figure 
shows it only diverges in 2d.)
Seems MF-like down to d=6 
which is odd since the upper 
critical dimension is predicted to 
be du=8 (Read et al).



Conclusions
• Have described the new physics at quantum phase transitions with 

disorder. 

• Have shown that there are (GM) singularities in quantum spin 
glasses as T -> 0 even away from the QCP. These are very weak in 
high dimension but quite strong in d = 3 and especially in d = 2.

• For the first time, we have found the (static) critical behavior in a 
broad range of dimensions between 2 and ∞. In 2d and 3d we agree 
with earlier work. We do not see a change in behavior at the 
predicted upper critical dimension, d = 8. 

• We are not able to tell if the infinite-randomness quantum critical 
scenario, (for which the dynamical exponent z is ∞) occurs in 
quantum spin glasses. This is an important, unanswered, question 
which deserves more work.

Thank you


